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Abstract. This paper is devoted to self-adjoint cyclically compact operators on Hilbert-Kaplansky mod¬ 
ule over a ring of bounded measurable functions. The spectral theorem for such a class of operators are 
given. We apply this result to partial integral equations on the space with mixed norm of measurable func¬ 
tions and to compact operators relative to von Neumann algebras. We will give a condition of solvability of 
partial integral equations with self-adjoint kernel. Moreover, a general form of compact operators relative 
to a type I von Neumann algebra is given. 
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1. Introduction 

The modem structure theory of AIT*-modules originated with the articles by I. Kaplansky JHHOl and 
nowadays this theory has many applications in the operator algebras. 

One of the important instrument in the theory of operator algebras is a different form spectral the¬ 
orem. In [fTSll it was proved an important spectral theorem for Hilbert-Kaplansky modules. Another 
important concept is the compactness property. Cyclically compact sets and operators in lattice-normed 
spaces were introduced by Kusraev (see ifT^ l. In lfT2ll (see also ifTSll ) a general form of cyclically com¬ 
pact operators in Hilbert-Kaplansky module, as well as a variant of Fredholm alternative for cyclically 
compact operators, are given. In |171 it was proved that every cyclically compact operator acting in 
Banach-Kantorovich space over a ring measurable functions can be represented as a measurable bundle 
of compact operators acting in Banach spaces. In |[T] it has been shown that the algebra of all locally 
measurable operators with respect to a type I von Neumann algebra can be represented as an algebra of 
all bounded module-linear operators acting on a Hilbert-Kaplanskiy module over the ring of measurable 
function on a measure space. This result played a crucial role in the description of derivations on alge¬ 
bras of locally measurable operators with respect to type I von Neumann algebras and their subalgebras 
(see for example, EEJ-Ol). 

It is well-known that one of the important notions in the theory of operator algebras is compact oper¬ 
ators relative to von Neumann algebras with faithful semi-finite trace introduced by M. G. Sonis 1971 
(see lfT4l ). Later V. Kaftal [[8]| has shown that Sonis’s definition of compact operator relative to von 
Neumann algebras with faithful semi-finite trace is viable for general von Neumann algebras too and he 
obtained most of the classical characterizations of compact operators. 
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In this paper we shall investigate self-adjoint eyelieally eompaet operators on Hilbert-Kaplansky mod¬ 
ule over a ring of bounded measurable functions and their applications. 

In Section 2 we give preliminaries from the theory of Hilbert-Kaplansky module and give a general 
form of self-adjoint cyclically compact operators on Hilbert-Kaplansky module over a ring measurable 
functions. 

In section 3 we apply the above theorem to partial integral equations on the space with mixed norm 
of measurable functions. We will give a condition of solvability of partial integral equations with self- 
adjoint kernel. 

In section 4 we will give a general form a self-adjoint compact operator relative to a type I von 
Neumann algebra. 

2. Self-adjoint cyclically compact operators on Hilbert-Kaplansky modules 

Let us recall some notions and results from the theory of Hilbert-Kaplansky modules (see IfTSl ). 

Let (12, S, /r) be a measurable space and suppose that the measure /r has the direct sum property, i.e. 
there is a family C S, 0 < /i(f2j) < -|-oo,i G J such that for any A E E,/i(A) < -f-oo there 

exist a countable subset Jq <Z J and a set B with zero measure such that A = IJ (A fl f2j) U 5. 

i£Jo 

We denote by L°°(f2) the algebra of all (equivalence classes of) complex measurable bounded func¬ 
tions on and let V be the set of all idempotents of the algebra L°°(f2). 

Let be a unitary (12)-module. The mapping {■,■): X x X ^ is a ((2)-valued inner 

product, if for all ^,r]X ^ X and a E L°°(f2) the following are satisfied: 

(1) (e,e)>o,(e,e) = o^e = o; 

( 2 ) {^,v) = {v,0; 

(3) {a^,r]) = a{^,ri)-, 

(4) {^ + V,0 = {^,0 + {V,0- 

Using a ((2)-valued inner product, we may introduce the norm in X by the formula 

ll^lloo = 

and the vector norm 

II5II = Au)- 

A Hilbert-Kaplansky module over L°°(f2) is a unitary module over L°°(f2) such that it is complete with 
respect the norm || ■ ||oo and the following two properties are true: 

(1) let ^ be an arbitrary element in X, and let {7ii}i^i be a partition of unity in V with Tii^ = 0 for 
all i E I, then = 0; 

(2) let be a norm-bounded family in X, and let {TTjjjg/ be a partition of unity in V, then there 

exists an element ^ E X such that for all i E I. 

An orthogonal basis in a Hilbert-Kaplansky module X over L°°(f2) is a orthogonal set whose orthog¬ 
onal complement is {0}. A Hilbert-Kaplansky module X is said to be a-homogeneous, if a is a cardinal 
and X has a basis of cardinality a. 

A Hilbert-Kaplansky module X is said to be a-finite-generated if there exists a partition of unity 
{'^n}neF in V, where F C N, such that is a n-homogeneous module over 7r„L°°(f2) for all n E F. 
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Let C be a subset in X. Denote by mix(C) the set of all vectors ^ from X for which there is a partition 
of unity {vrjjjg/ in V such that G C for all i G /, i.e. 

mix(C) = J^eX:3 7riGV, TTiTij = 0 , z 7 ^ j, Y tt* = 1 , Tii^ e C,i e I 
I iG/ 

In other words mix(C) is the set of all mixings obtained by families taken from C. 

A subset C is said to be cyclic if C = mix(C'). 

For a nonempty set A by V(A) denotes the set of all partitions of unity in V with the index set A, i.e., 

V(A) = < 1 / : A ^ V : (Vo,/? G A)(q! 7 ^ /3 —)■ iy{a) A u{(3) = 0) A Y = 1 
I a&A 

If A is a partially ordered set then we can order the set V(A) as: 

iz < /i -H- (Vo,/3 G A)(i/(a) A iz(/9) 7 ^ 0 a < /9) (z^,G V(A)). 

Then this relation is a partial order in V(A), in particularly, if A is directed upward or downward, then 
so does V(A). 

Take any net (Ca)oeA in X. For each v G V(A) put = miXa&Ai^{oi)ia- If all the mixings exist 
then we have a net {iv)ue^{A) in X. Every subnet of the net {iv)ue^(A) is called a cyclical subnet of the 
original net (Ca)aeA- 

Recall [fT3]| that a subset C C X is said to be cyclically compact if C is cyclically and any sequence in 
C has a cyclic subsequence that norm converges to some element of C. A subset in X is called relatively 
cyclically compact if it is contained in a cyclically compact set. 

An operator T on X is called L°°{Vt)-linear if T{a^ + bp) = aT{^) + bT{p) for all a, 6 G 
^,vex. 

A -linear operator T on X is called cyclically compact if the image T{C) of any bounded 

subset (7 C X is relatively cyclically compact. 

For every 17 G X we define an operator ^ (g) on X by the rule 

= {C,v)^, C e X. 

It is well-known [fT3l Theorem 8.5.6] that if T is a cyclically compact operator on X then there exists 
a partition of unity {tto, tti, ..., tt^, ..., tToo} in V and orthonormal system {^k,n}n=i, {Vk,n}n=i in tt^X 
and a families {fk,n}n=i in where fc = 1, ..., n, ..., 00 , such that the followings are true: 

( 1 ) ttoT = 0 ; 

( 2 ) T^oofoQ,n ' 1 ' 0 ) 

(3) the representation is valid 

00 00 k 

( 2 . 1 ) T TIoo ^ ^ fca,n ^oo,n ® Voo,n A ^ ^ Ufc ^ ^ fk,n ^k,n ® Vk,n- 

n=l k=l n=l 

The following is the main result of this section. 

Theorem 2.1. IfT is a self-adjoint cyclically compact operator on X then there are partition of unity 
{tto, TTi,..., TTfc,..., TToo} in V and orthonormal families {^k,n}n=i in vr^X and a families {fk,n}n=i in 
7 rfcL°°(f 2 ), where /c = 1,... , n,..., 00 , such that the following hold: 
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(1) ttqT = 0; 

(2) TToolyoo ,^1 0, 

(3) the representation is valid 


OO OO k 

(2.2) T TToo ^ ^ foo,n Coo,n ® ^oo,n ^ ^ '^k ^ ^ fk,n ^k,n ® ^k^w 

n=l k=l n=l 

Proof. Let T be an operator of the form (12.11) . Without lost of generality we can assume that tToo = 1, 

(X) 

and therefore the operator T has the form T = T* = fndn® in- 

n=l 

Case 1. Let T > 0. Since T = \T\ = \/T*T = y/TT* and 

CXD OO OO OO 

TT ^ ^ fn Cn ® Vn ^ ^ fm ® ^ ^ fnfm (j]m^ ® ^ ^ fn ® "Cn 

n=l m=l n,m=l n=l 

we get 

OO 

T = J2fnin®in. 

n=l 

Case 2. Let T be an arbitrary self-adjoint cyclically compact operator. Consider its representation in 
the form T = T+ — T_, where T+, T_ > 0 and T+T_ = 0. By case 1 there are orthonormal families 
{OnGN, {CinGN m X and families {/+}nGN, in L°°{Q) such that ff i 0, ff i 0 and the 

following representations are valid 

OO 

n=l 

OO 

T- = Y1 C ® C- 

n=\ 

Since T+T_ = 0 we get that the elements i'l and if are mutually orthogonal for all LJ e M. 

Now consider the following sequence in V ; 

Zn = c((/f -/+)+), n > 1, 

where /+ is the positive part of self-adjoint element / from and c(/) it’s support, i.e. c(/) is the 

indicator function of the set {a; G : /(cu) 7 ^ 0}. Set 

= -Ziff + ^ 1 ^/ 1 +, 

- (Zn - Zn-l) ff + f^, Tl > 2, 

+ z^it, 

= Zn-lin-l + {Zn “ Zn-l)if + Z^i+, n>2. 

Let us check that |/d^| i 0. Firstly we shall show that |/d^| > Indeed, 

ZllA^^l = Ziff > Ziff = Zilff^l 
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and 


= (^2 - Zl)f^ + > {Z2 - ^l)/i + Z^f^ = Zt\f2 

Now let n > 1. Then 

Zn-l\fi^^ \ = Zn-lfn -1 > Zn-lfn = Zn-lZnfn = Zn-l\f^^^ 


( 1 )| 


'n+1 1 ’ 


{Zn Zn—l)\fj{^ ^1 {Zn Zn—l)fi ^ {Zn Zn—l)fn {Zn Zn—l)\f, 


(1) I 
n+1 1 


and 


^nlfn'^l = ^nfn = i^n+1 “ ^n)/+ + ^n+l/n > i^n+l “ ^n)/l + ^^n+l/n+l = ^nlf, 


(1) I 
f n+11 * 


So > \fS-i\. Since /+ I 0 and ; 0 we get l/^^l I 0. 

Direct computations show that 

= 1 , 

{^n\& = ^n-1 + (Zn “ ^n-l) + Z;^ = 1, U > 1, 

= 0,n^m. 

This means that is an orthonormal system. 

Set 

oo oo 

T = 5 ^ /<'> (!,'> ® ^ /„- ?„■ ® c- 


(i)| 


n=l 


n=2 


Let us show that T = Ti. It clear that T(,^^ ) = Ti(,^^ ) for all fc > 1. Further 


TiKr) = 2ir«r) + = r(fr). 

n=2 

ri(& = ztT((t) + zinn) = r( 4 +). 

This means that T = Ti. 

Continuing by this way we obtain 

CXD 

T = Y,fn^n®in. 

n=l 

The proof is complete. □ 


3. Applications to partial integral equations 

In this section we shall apply the main result of the previous section to partial integral equations on 
the space with mixed norm of measurable functions. For more information about the partial integral 
operators and equations can be found in the monograph |l2l . 

Let (5, S, v) be a measure space and let L‘^’°°{S x D) be the set of all complex-valued measurable 
functions / on S' x D such that 

I\f{s,u)\^dfi{s)eL^{Q). 
s 
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Then x fi) is a Hilbert-Kaplansky module over L°°{VL) with respect to inner product defined by 


(/,^) = / f{s,u})g{s,uj)dn{s), f,g e x fi). 


Let us take a complex-valued measurable function k{t, s, oj) on x kl such that 


(3.1) 



\k{t, s, a;)p dg,{s) G L°°{Vt) 


s s 


and define an operator T : x fl) —)■ x fl) by the rule 


(3.2) T{f){t,u) = j k{t,s,u;)f{s,u)dfi{s), f e x O). 

s 

For any a; G O we put k^{t, s) = k{t, s,u). Then (13.11) means that the function k^{t, s) is a Hilbert- 
Schmidt kernel for almost all a; G fl. For almost all a; G O the operator : L^(S') ^ L^(S') is defined 
by 

Tuj{fuj){t) = j k^{t,s)f^{s) dfi{s), G L‘^{S). 
s 

Since is an integral operator with Hilbert-Schmidt kernel it follows that is a compact operator for 
almost all a; G O. For / G x Q) we have 


T{f){t,u}) = j k{t,s,u)f{s,u)dfi{s) = j k^{t, s)/^(s) = T^(/^)(f) 
s s 

for almost all {t,u) G S' x O, where foj{s) = f{s,u). This means that : a; G 0} is a measurable 
bundle of compact operators (see d). Therefore, by [|7l Theorem 3] the operator T is cyclically compact. 

Now suppose that k{t, s,u) = k{s,t,uj). Then the operator T defined by 13.21 is self-adjoint. Theo¬ 
rem [2T] implies the following result. 


Theorem 3.1. There are partition {Oq) fli,..., flfc,..., floo} ofQ and orthonormal families {gk,n\^=i 
in xnj,L^’°°(S X fl) and a families {Xk,n}n=i where k = 1,..., n,..., cx), such that the 

following hold: 

( 1 ) XOoT = 0 ; 

(2) XOool-^oo,n| \r 0; 

(3) the representation is valid 

OO OO k 

T{f) = Xn OO E ^co,n if ) 9oo,n)g oo,n ^ ^ ^ ^ ^k,n (y? Qk^n)Qk^ri' 

n=l k=l n=l 


Let us consider the following partial integral equation 

(3.3) j k{t,s,uj)f{s,u})dp{s) = X{uj)f{t,u:), 

s 

where A(a;) G f G L‘^’°°{S x O). 
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Theorem l3.2l implies the following condition of solvability of partial integral equation with self-adjoint 
kernel. 

Corollary 3.2. Suppose that k{t,s,u) = k{s,t,u). Then partial integral equation (13.31) is solvable if 
and only if there exists a non zero vr G V and Xk^n such that vrA = TrXk^n- 

Remark 3.3. Suppose that (fl, S, p) is an atomless measure space. Then the operator T defined by (13.21) 
is compact if and only ifk{t, s, oj) = 0. Indeed, suppose that k(t, s, u) 0. Since T is a compact opera¬ 
tor, it follows that there exists an eigenvalue A ofT. Note that the subspace of eigenvectors corresponding 
to A is finite dimensional. 

On the other hand, since the operator T is L°° {kl)-linear, we conclude that the subspace of eigen¬ 
vectors corresponding to A is a non trivial -module, in particular, it is an infinite dimensional, 

because L°°{Q) is an infinite dimensional. This contradiction implies that k{t, s, uj) = 0. 

4. Self-adjoint compact operators in type I von Neumann algebras 

In this section we shall apply the main result of the section 2 to compact operators relative von Neu¬ 
mann algebras of type I. For more information about the compact operators relative to von Neumann 
algebras can be found in [|8l. 

An operator x G M is compact relative to M, if it is the limit in the norm of finite operators in M, i.e. 
of operators for which the left support 

l{y) = inf{p G P{M) : py = y} 

is finite. 

Theorem 4.1. Let M be a type I von Neumann algebra and let xbe a compact operator relative to M. Ifx 
is self-adjoint then there are a sequence of mutually orthogonal central projections {zq, zi,..., Zk,..., Zqo 
in M and the families of mutually orthogonal abelian projections {pk,n}n=i and a families of 

central elements {fk,n}n=i ZkM, where /c = 1,... , n, ..., oo, such that the following hold: 

( 1 ) ZqX = 0 ; 

(2) ^oolyoOjnl j' 0) 

(3) the representation is valid 

OO OO k 

(4.1) X = Zoo E /*oo,n Poo,n E ^ ^ fk , nPk , n - 

n=l k=l n=l 

For the proof of this theorem we need several lemmata. 

n 

Consider a Hilbert space H. A mapping s : —)■ if is called simple, if s(a;) = XAk{^)ck, where 

_ k=l 

Ak G E,Ai n Aj = itl, i j, Ck ^ H, k = l,n, n G M. A mapping m : —)■ if is said to be 
measurable, if for each A G X] with p{A) < oo there is a sequence {sn} of simple maps such that 
||s„(a;) — M(a;)|| ^ 0 almost everywhere on A. 

Denote by i3(D, if) the set of all bounded measurable mappings from kl into H, and let if) de¬ 

note the space of all equivalence classes with respect to the equality almost everywhere. The equivalence 
class from if) which contains the measurable map ^ G !B(D, if) denotes as We shall identify 









8 


FARRUKH MUKHAMEDOV AND KARIMBERGEN KUDAYBERGENOV 


the element ^ G H) and the elass It is clear that the function u ||^(i^)|| is measurable for all 
^ G if). Denote by ||^|| the equivalence class containing the function ||^(ci;) ||. The algebraic opera¬ 
tions on H) defined by usual way: ^ + t] = ^ + rj, for all H),a E L°°{VL). 

Let us consider L°°(D)-valued inner product 

where (•, ■)h is the inner product in H. Then L°°(D, H) is a Hilbert -Kaplansky module over 

It is known [[1] that a-dimensional Hilbert space H the Hilbert - Kaplansky module is 

G-homogeneous. 

Let H)) be the algebra of all bounded -linear operators on H). Taking into 

account that H) is a Hilbert - Kaplansky module over we get that H)) is an 

74IL*-algebra of type I with the center is ^-isomorphic to Suppose that dim if = a. Then 

L°°(D, H) is G-homogeneous and by [|9l Theorem 7] the algebra if)) has the type la- The cen¬ 

ter Z{B{L°°{fl, if))) of this y4iy*-algebra isomorphic with the algebra L°°(f2) which is a von Neumann 
algebra, and thus by [ITO Theorem 2] B{L°°{fl, if)) is also a von Neumann algebra. Consequently, if 
dim H = a then B{L°°{fl, if)) is a of type von Neumann algebra. 

Now let us consider an arbitrary of type I^ homogeneous von Neumann algebra M with the center 
isomorphic to L°°(f2). Taking into account that two von Neumann algebras of the same type Iq, with 
isomorphic centers are mutually ^-isomorphic, we conclude that that the algebra M is ^-isomorphic to 
the algebra B{L°°{fl, if)), where dim if = g. 

A projection p G B{L°°{fl, H)) is called a-finite-generated if H)) is a a-finite-generated 

module. 

Lemma 4.2. A projection p E M = B{L°°{Q, if)) is finite if and only if it is a-finitely-generated. 

Proof ”if” part. Let p G M be a finite projection. 

Case 1. Let p be a projection such that pMp is a n-homogeneous von Neumann algebra. Then 
p G pMp = B{p{L°°{fl, H))) is also n-homogeneous algebra. This implies that p(L°°(f2, if)) is a 
n-homogeneous Hilbert-Kaplansky module. This means that p is a n-homogeneous projection. In par¬ 
ticular, p is a cr-finite-generated projection. 

Case 2. Let p be an arbitrary finite projection. Then there exists a system of mutually orthogonal 
central projections {qn)neF C ‘?{pMp), where F C N, with Qn = P such that QnpMp is a homoge- 

uGF 

neous von Neumann algebra of type I„. By case 1 we get that q^p is n-homogeneous for all n E F. Thus 
p = Yl, flnP is (j-finite-generated. 

uGF 

’’only if” part. Let p be a cr-finite-generated projection. Then there exists a partition of unity {zn}neF 
in V, where F C N, such that Znp{L°°{fl, H)) is a n-homogeneous module over ZnL°°{fl) for all 
n E F. Therefore ZnpMp = B{znp{L°°{fl, H)) is a homogeneous von Neumann algebra of type L for 
all n E F. Thus p = Y QnP is finite. The proof is complete. □ 

tlGF 

Lemma 4.3. Let M = B{L°°{Q, H)). If x E M is a compact operator relative M then it is cyclically 
compact. 
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Proof. Let a; G M be a compact operator relative M. By [|8l Theorem 1.3] for every n G N there exists 
a projection & M such that ||a;p„|| < 1/n and 1 — is finite. By Lemma \472] 1 — is cr-finite- 
generated. Therefore 1 — is a cyclically compact operator on H). Thus x(l — Pn) is also a 

cyclically compact operator on H). Since ||a; — a;(l — Pn )\\ = \\ xpn \\ < l/nwe obtain that x is 

also a cyclically compact operator on H). The proof is complete. □ 

Proof of Theorem \4.1\ Firstly, we will consider a case homogeneous von Neumann algebra. In this 
case by Lemma 1431 x is a cyclically compact operator. Therefore by Theorem 12.21 we can assume that 
without lost of generality it has the following form 

OO 

X = y^jkik®^k- 

k=l 

According to flU Lemma 13] we obtain that Pk = ik® ik is an abelian projection for all k. So 

OO 

X = ^fkPk- 

k=l 

Now if M is an arbitrary von Neumann algebra of type I then we can consider the decomposition of 
the algebra M to homogeneous summands and apply the above assertion. The proof is complete. 

Remark 4.4. IfM is a type In, n < oo, von Neumann algebra which represented asnx n-matrix algebra 
over its center, then Theorem \4.1\ sives us that any self-adjoint element from M can be represented as 
diagonal matrix (cf. ^ ). 
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